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Abstract 

We extend the Shirafuji model for massless particles with primary 
spacetime coordinates and composite four-momenta to a model for 
massive particles with spin and electric charge. The primary variables 
in the model are the spacetime four- vector, four scalars describing 
spin and charge degrees of freedom as well as a pair of Weyl spinors. 
The geometric description proposed in this paper provides an inter- 
mediate step between the free purely twistorial model in two-twistor 
space in which both spacetime and four-momenta vectors are com- 
posite, and the standard particle model, where both spacetime and 
four-momenta vectors are elementary. We quantize the model and 
find explicitly the first-quantized wavefunctions describing relativistic 
particles with mass, spin and electric charge. The spacetime coordi- 
nates in the model are not commutative; this leads to a wavefunction 
that depends only on one covariant projection of the spacetime four- 
vector (covariantized time coordinate) defining plane wave solutions. 



1 Introduction 

There are known three equivalent ways of describing massless relativistic 
particles: 
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i) Purely twistorial description - with primary twistor variables and com- 
posite both spacetime and four-momenta. A free point particle moving in 
twistor space = (cj", 7f^) G (A = 1, . . . , 4; a, /? = 1, 2) (see e.g. [I]) is 
described by the action 



S,= '-JdT [[z'^Za - h.c.') + A (Z^Za) 



'1.1] 



where Za denotes the complex conjugation of Z^, the conformal SU{2,2) 
scalar product is Z^Za = ZaQ^^Zb and the conformal metric g^^ in twistor 

space is usually chosen to be g^^ ~ iJ 

ii) Mixed twistorial- spacetime description - with primary spacetime 
coordinates and composite four-momenta. The relativistic phase space 
(a;"^,P„^) = (|(cr^)"'^x^, |(cr^)°'^P^) is determined by the basic relations 
of the Penrose theory^ 



= ix^l^n^, (1.2b) 



where the constraint Z^Za = is required if we wish x°''^ to be Hermitian 
{i.e. x^ = is real). In the mixed twistor-spacetime approach we 

use only the relation ()1.2b|) . and we obtain from ()1.H) (modulo divergence 
term) the Shirafuji model 2\ (a = ^) 

S'i = j dTTCo^W^x'"^ , (1.3) 

which was extensively used by the Kharkov group (see e.g. |33). 
iii) Standard geometric description - with primary relativistic phase space 
variables (spacetime coordinates and four- momenta). Inserting in p.3|) the 
relation ()1.2a|l we obtain the known action for the massless relativistic par- 
ticle moving in Minkowski space 

S';= [ dr fp^^x-^ - eP') , (1.4) 



^We use the following notation. The metric is mostly minus r/^^ — diag(H ). 

The Weyl two-spinor indices are risen and lowered in the following way Lp" = e^^ipp, 

fa = f'^^pa, = e"'^<^^, V'a = ¥^ ^ where t'^^tp^ = -(5^, e"''e^^ = The algebra 

for the cr-matrices cr^^ = (cr^^) and a'^^°' = e"''e"''cr^^^ is (J^a^crJ'^ + (yva^ol^ = 2ry^,^^f ; 
Op,aaO^^^ = 2ea/3iai3- define Af, = %a/3^"^, and therefore A^^j k^t^'^^p' 

A"f^ = ^Ai'a'jlf^ for any vector A^. 
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where the term eP^ encodes the constraint = 2P^^P"^ = following alge- 
braically from ()1.2a|) . If we eliminate P^, we obtain the standard Lagrangian 
for a free massive relativistic particle 



3'!' = ^ fdr^x.x^ (1.5) 



The three equivalent models ()1.3|) and ()1.4p describe three possible 

different geometric set-ups in the theory of massless relativistic particles: a 
purely spinorial (twistorial) framework, a hybrid formulation using simulta- 
neously spinorial and spacetime elementary coordinates, and the description 
in the standard relativistic phase space (x^,P^). 

The extension of these three geometric levels to the two-twistor sector 
has been presented recently jH E] in terms of the corresponding Liouville 
one-forms. If we introduce two twistors {i = 1,2; A = 1, . . . , 4)^ 

ZAi= (uJ^i^TTai) , (1-6) 

the free Liouville one-form extending (modulo constraints) the action (jl.lll 
to the two-twistor case is the following 

62 = ^ (a;",d7r,i + ^T^^dLu'" - h.c.) . (1.7) 
After using the two-twistor generalization of ()1.2a|) . ()1.2b|) 

Pap = <^p^ , (l-8a) 



where 

z"^ = x"^ + iy''^ , (1.9) 

one obtains 

©2 = ^J^pi.dx''^ + ^y^'H^adTif,, - n^^dnj) . (1.10) 
We introduce the new variables 



= -2y"^<7r,, = (.^J , (1.11) 



^The indices i — 1,2 describe an internal SU{2) symmetry. The complex conjugation 
implies the change from covariant (lower) indices to contravariant (upper) indices. 
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and define / and / satisfying 





= -e'^f , 


(1.12a) 




= -ey/ , 


(1.12b) 






(1.12c) 


i 


= ^apf ■ 


(1.12d) 



Inverting p. 1111 

2/"' = -^^/'^"^<' (1-13) 
and using (jl.Saj) one obtains from ()1.10|) 

= p,dx>^ + 

Tlie formula p.l4|) determines the two-twistor generalization of the Shi- 
rafuji action ()1.3|1 . We see that the primary, or equivalently elementary, 
variables are now the following ones 

N =1 =^ N = 2 
x"^,7r„,7r^ ^ x"^,7r„i,7r^\s/ . (1.15) 

The particle model described by the Liouville one-form ()1.14j) provides a 
framework to describe the mass, spin and electric charge but does not specify 
their values. We shall introduce further their numerical values by postulating 
suitable physical constraints. One concludes that the quantum-mechanical 
solution of the model p.l4|) may describe infinite-dimensional higher spin 
and electric charge multiplets, linked with the field-theoretic formulation of 
higher spin theories (see e.g. [UlSlini)- 
The plan of our paper is the following: 

In Sect. El we define our model by its kinematic part following from 
()1.14|) and by adding four physical constraints. We shall describe the model 
in the corresponding phase space with the enlarged spacetime sector [Ql] L = 
1, . . . , 16) and the enlarged momenta {Vl] L = 1, . . . , 16)^ 

Ql = (x°^7r,„7r'^\s/) , (1.16a) 
'Pl = (P„^,P"\P<i„P(.)^). (1.16b) 

We also present the complete classical analysis of the constraints. 
■^The subindex A enumerates the real degrees of freedom. 
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In Sect. El we show how to ehminate all the second class constraints by a 
non linear change of the variables (x"^, P^^, Pai, Pa^), i-e., by choosing a set 
of suitable coordinates in the phase space ()1.16a|l . (jl.l6bjl . and by introducing 
Dirac brackets. 

In Sect. 0] we introduce the first quantization of the model and pro- 
vide the solution of the first class constraints. In such a way we obtain the 
wave equations for the massive particles with spin and electric charge. It 
appears that the wavefunction is determined in the four-momentum space, 
because in twistor formalism the composite four-momenta are commuting. 
The composite spacetime coordinates x^, defined by (jl.8b|l and are 
non-commutative due to the following Poisson bracket |10j 



{Xf„X^} = -^e^^prPpWr , (1.17) 

where Wr is the Pauli-Lubahski four-vector. It follows, however, from ()1.17|1 
that 

{P%,x4 = 0, (1.18) 

what implies that our quantum-mechanical wavefunction for the non- 
vanishing spin case can depend on the projection r = of the spacetime 
four-vector defining covariantized scalar time coordinate. 
In Sect. El we present a brief outlook. 

2 The classical model - analysis of constraints 
in phase space 

2.1 Action, conservation laws and physical constraints 

We describe the dynamics of a massive spinning particle by its trajectory in 
the generalized coordinate space 

Qdr) = (a;^(r),7r,fc(r),7r^(r),Sfe^-(r)) , (2.1) 



where is the spacetime vector of position, vTafc, vf^ = ijiak) {k,j = 1, 2) are 
two pairs of commuting Weyl spinors and the four quantities s^-^, satisfying 
the reality condition Sk-' = {sj'^), are Lorentz scalars. The action derived 
from ()1.14|1 has the following form (a = 1, . . . , 4) 



S = dr C = dr 



(2.2) 
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where the are algebraic constraints on the coordinates ()2.H) to be specified 
later, and the quantities 



r^'^'n ; (2.3) 



/ = -VTafcVr"^ , / = -TTafcVr"'' , (2.4) 



are bilinear functions of the spinors TT^k and tt^. 
From the Lagrangian ()2.2|1 we obtain 

V, = fj = 0. (2.5c) 



The formulae ()2.5aj) - ()2.5cj) . defining the momenta, give us the following 
sixteen primary constraints 

P, - ^.s^'^'^t ^ , (2.6a) 



paj _^^ak^^j , Pf-YfM-^^ (2-6b) 

P(,)^■ ^ . (2.6c) 



In order to determine the variables which describe the spin degrees of 
freedom we calculate the Noether charges M^j^u corresponding to the Lorentz 
symmetries for the action ()2.2|) . We obtain 

M,, = x,P, - x,P, - iP"^a^.)/7r^fc + |7r^(a^")"^Pf , (2.7) 

where P^, P°'^, Pj^ are taken from ()2.5a|) - ()2.5cp and the definitions for a'^'^ 
and a'^'^ are 

(2.8) 

The Pauli-Lubahski four-vector is given by the formula 

= le'^'^'P.Mxp = ^.P'^'iana^^phPu + Hi^'^Tf^PkPu , (2.9) 

6 



where the relations e^^'^^axp = — 2icr^'^, e^'^^^axp = 2ia^'^ have been used. 
Inserting the expressions ()2.5a|) - ()2.5c|) in ()2.9p we obtain 

= -\P^k\si^ + e'=^s/e„,) , (2.10) 

where 

PV^vt.V^tt^^ (2.11) 

In fact, only the traceless part of Si^ is present in fj2.10|) . So, if we insert in 
p.lO|l the decomposition s/' = sqSi'' + Sr{Tr)i^ we obtain 

iy^ = -PV(r.)^V. (2.12) 

Now, using 

PVP^.^' = 2efc^e'V/ , (2.13) 

we obtain 

W^Wp = -Affs\ (2.14) 
But from ()2.3p - ()2.4|) we can derive 

iff = P,P^ = P\ (2.15) 

and one obtains 

W''W^ = -Ph\ (2.16) 

We determine now the form of the four algebraic constraints (a = 
1, 2, 3, 4) present in the action ()2.2p . 

The variables A'^(r) are Lagrange multipliers for the four physical con- 
straints Ta- We take the physical constraints in the following form^ 

(2.17a) 
(2.17b) 
(2.17c) 
(2.17d) 

The real quantities s = (s^) = (si, S2, S3) and sq which are present in (j2.17b|) - 
()2.17d|l are defined in terms of the Lagrangian variables si. as follows 

So = ^Sfc^ = ^Sfe^(r,)/, r = l,2,3, (2.18) 



Ti : 


T = 




— ^ , 


T2 : 


s = 




s(s + 1) ^ 0, 


T3 : 




E S3 - 


- m3 ~ , 


T4 : 




So - 


g ^ 0. 



^The justification of tlie form of the constraints Ta can be obtained by considering 
the symmetries of the action (|2.2() . It appears that the choice (|2.17a|l - ()2.17d|l and the 
interpretation of Si (see (|2.18ll ') as covariant spin projection is related with the formulae 
for the corresponding Noether charges. 
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where {Tr)j^ are the Pauh matrices. 

The constraint ()2.17a|) defines the mass m of the particle because using 
it together with ()2.15|1 we obtain that 

P^P^' = m^. (2.19) 

The constraints ()2.17b|l and ()2.17c|) are introduced in the action ()2.2|) in order 
to obtain a definite spin s and the covariant spin projection S3 whereas the 
constraint ()2.17d|l defines the U{1) charge q of the particle. 

In the subsection 12 . 31 we shall see, from the preservation of the constraints 
in time, that secondary constraints do not appear in our model. Thus, the 
full set of constraints is given by the physical constraints (I2.17aj) - (j2.17dj) and 
by the primary ones ()2.(ia|l - ()2.()c|l . 

2.2 Analysis of the primary constraints 

If we transform the twelve constraints ()2.6a|) . ()2.6b|) to equivalent Lorentz- 
invariant expressions by contracting them with the spinors TTak and tt\ (the 
matrices tt^,??^*^ are invertible due to ()1.12a|l - ()1.12d|l ) the discussion of the 
constraints is simplified and their splitting into first and second class is 
clearer. After such contractions, the eight expressions ()2.6b|) take the form 

T^akP'^' -\sk' , Pf=Kl+'-S,^^Q. (2.20) 

By considering the sum and the difference of the expressions above, we obtain 
the following set of eight constraints 

Dk' = Vu' + Sk' ~ , Bk' = Bk' ^ , (2.21) 

where the quantities 

Vu' = i^T^^kP'^^ - P^Tii) , Bk' = ?(7r,fcP"^' + P^Tii) , (2.22) 

contain only spinorial phase space variables. 

The four constraints ()2.6a|) . after contraction with spinors, take the form 

Ck' = Vk' + mHk' ~ , (2.23) 

where we take into account ()2.15j) and ()2.5a|) and introduce the following 
notation 

Vj} = 47r„fcP-%; . (2.24) 
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Note that the spinorial bihnears introduce an orthogonal basis "P^^' defined 
by ()2.1ip or equivalently 

pir) = {r^%^V^,' = {T^%'7r\{a,)^^n^^, (2.25) 
with P^i = Pf,. Then, the relation TTI^ can be written also as follows 

V,^ = 2P^,^P>^ = -m'6i. (2.26) 

The algebra of the constraints ()2.2H) . ()2.23|) and ()2.6c|) becomes more 
transparent if we introduce the following SU (2) scalar and vector quantities: 



^ k n ^ k . D ^ r> i / ^ \ k D ^ r> k 



A, = -Dfe^(r,)/, Do = -Dk' ; 5, = -5,^(r,,)/ , Bo = -Bj, 



(2.27a) 



(2.27b) 

'Pr = \VkKrr)j\ Vo = \Vk^ ; (2.27c) 



Cr = \Cu^{T,),\ Co = \Ck'' ; (2.27d) 



P(s). = ^P(s).^(x.)/ , P(.)o = , (2.27e) 

where [jr)j^ ■, r = 1,2,3 are the isospin Pauli matrices. In terms of the 
variables (|2.27a,jl - (jT77e|l and pTR|l the constraints (j2I2H), (f^^ and 
take the form 

= P(,), ^ , R^ = P(,)o ^ , (2.28a) 

Dr=Vr + Sr^O, Dq = + Sq ^ , (2.28b) 

Br = Br^O, Bo = Bo^O, (2.28c) 

= n. ^ , Co = Po + ~ . (2.28d) 

Thus, our full set of the constraints is described now by the four physical 
constraints ()2.17a|) - ()2.17d|) and by the sixteen primary constraints ()2.28a|) - 
(122831). 
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We present now the canonical Poisson brackets of the coordinates ()2.1|) 
and their momenta ()2.5a|) - ()2.5c|) 

{x^ P,} = 5^^ , {s,^ P(,)" J = 5^51 , (2.29a) 

{vr.., P*} = 5^Ji , {vrt Pf } = 5^5^ , (2.29b) 

{so, ^(s)o} = 2 ' ^wJ = 2^rq ■ (2.29c) 

These allow us to compute the Poisson brackets between the quantities 
(j2.27bjl - ()2.27cp . The the non- vanishing ones are 

r; T-^p\ ^rpqT-^q ; {^r; ^p} ^rpq^q ; \J^r^ ^p\ ^rpqT-^q ; 

(2.30a) 

= -e,p,Pg, =25,pPo, {Po,^r}=^Pr, (2.30b) 

{P., So} = , {Po, i3o} = iVo . (2.30c) 

From ()2.30ap we see that the three quantities Vr are the generators of 
5*0(3) and the three quantities Br extend the SO{3) algebra to the Lorentz 
symmetry 5*0(3, 1) ~ s/(2; C). Because the generators Vr, Br are scalars we 
shall call them internal symmetry generators. 

From (|2.30bjl . ()2.30c|l we see that the quantities Vq, Vr which describe the 
covariant projections of the four-momentum on the composite four-vectors 
()2.11|) extend the internal Lorentz generators (P^j Br) to an internal Poincare 
algebra. 

Finally, we can write the complete list of non-vanishing Poisson brack- 
ets between all twenty constraints in our model (four physical constraints 
(j2.17a,j) - ()2.17dj) and sixteen primary ones (|2.28a,jl - ()2.28d;i ;): 



Dr: Dp} — drpqDq ~\- €rpqSq , (2.31a) 

[Dr, Bp} = —erpqBq , (2.31b) 

{Br, Bp} = ^rpqDq -\- drpqSq , (2.31c) 

{Cr,Dp} = -erpqCq, (2.31d) 

{Cr,Bp} = iSrpCo — iSrpTn^ , (2.31e) 

{0„Po} = ^Cr, (2.31f) 

{Co, Br} = iCr, (2.31g) 

{Oo,Po} = iCo-im\ (2.31h) 
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{T, Bo} = 2iT + 2im^ , (2.31i) 

{Dr,Rp} = ^6rp, (2.31j) 

{Do,I^} = ^, (2.31k) 

{S,Rp} = sp, (2.311) 

{S3,R3} = \, (2.31m) 

{Q,Ro} = \. (2.31n) 



2.3 Time evolution of constraints and their split into 
first and second class 

The action ()2.2|) is invariant under an arbitrary rescaling on the world line 
T ^ t' = t'{t) and the canonical Hamiltonian vanishes 

'H = VlQl- C = Q. (2.32) 

The total Hamiltonian is given, therefore, by a linear combination of all the 
constraints 

= AP)D. + A^^^Do + )B, + xi'^^Bo + XPCr + Af Co + 
+A(^)i?, + Af i?o + A(^)T + X^'^S + A(^^)53 + A(«)Q . (2.33) 

Imposing the preservation of all the constraints in time (see Appendix 
we find that four out of twenty Lagrange multipliers are not determined. 
The Hamiltonian ()2.33j) takes the following final form 

n = xf^J" + X^^^S + A^^^^cSs + A^'^) Q , (2.34) 

where 

^ = Co + -T ^ , (2.35a) 

S = S- 2srDr - , (2.35b) 

53 = 53 - 1^3 - ^e^r.s.Rr ~ , (2.35c) 
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Q = Q - Do ~ (2.35d) 

describe the four first class constraints. The other sixteen constraints can be 
presented as eight pairs of canonically conjugated second class constraints 

Dr = Vr + Sr ^ ^ Rr = P{s)r ~ , (2.36a) 

Do = Vo + So^O ^ Ro = P^s)o-0, (2.36b) 

Br = Br^O ^ Cr = Vr^O, (2.36c) 

Bo = Bo^O ^ T^O. (2.36d) 



The subset of constraints Dr, Br does not close under the PB operation 
(see Eqs. ()2.31a|) - ()2.31c|) ). This can be avoided if we introduce the following 
linear combination of constraints 

= Br ^rpq^pRq ~t~ ^rpq^p'^{s)g ~ : (2.37a) 



Br = Br + ^rpqSpCq = Br -\- '^—^^rpqSp'Pq ~ . (2.37b) 

These have the following Poisson brackets 

{Dr', Dp'} = -erpqDq' + ^ {srRp - SpRr) , (2.38a) 

{Dr , Bp } = —trpqBq + i^rpSqCq — SpCr) , (2.38b) 

{Br , Bp } = ^rpqDq {^rRp ^pRr) ~l" '^^^^rpq-'^qCo , (2.38c) 



which vanish on the surface of the constraints. 



3 Solving the second class constraints 



From the relations ( |23T]| )- (l2.31kjl we see that the four pairs of constraints 



described by Eqs. fl2.36aj) - (j2.36bjl satisfy canonical PB, i.e. they have the 
so-called resolution form^. Therefore, if we exclude the variables Sr, sq and 

pair of constraints A m 0, B m have the resolution form in the phase space {xi,pi) 
z — 1, . . . , iV if they have the form given by the foUowing formulae: 

A^xi- f{xr,Pr)~0 B=pi^O (r = 2,3,...,iV) (3.1) 

This form of the constraints was considered by Dirac 11 . In such a case the Dirac brackets 
are identical with the canonical PB. 
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P(s)r, P(s)o by means of the constraints ()2.36aj) . ()2.36b|) the Dirac brackets 
for the remaining variables will coincide with the canonical ones (see Eqs. 
()2.29a|) - ()2.29c|l ). Consequently, in all expressions we should insert 

Sr = -Vr , So = -Do , P(_s)r = , P{s)0 = . (3.2) 

In order to treat the three pairs of second class constraints ()2.3fjcj) it is 
convenient to introduce in the phase space {Ql, Vl) the new variables canon- 
ically conjugated to the constraints Vr- In such a way the constraints ()2.36c|) 
will also have the resolution form, and the introduction of corresponding 
Dirac brackets will not change the PB relations for the other variables. For 
this purpose we pass from the twenty-four initial canonical variables (we 
recall that s^, So and P(s)ri P{s)o are not present due to ()3.2|l ) 

(a:^P^), (7r,.;P"''), (vr^ , 

to the new twenty-four canonical variables 

where the variables Vo, Vr are given by the expressions ()2.24j) . ()2.27cj] de- 
scribing covariant momentum projections, i.e. 

Vo = -Kakafn'^P" , Vr = (r,)/7r,,a°^7rjP^ . (3.3) 

Besides, we take 

'^'ak = TTafc , T^'^ = TT^ • (3.4) 

and hence we will omit the prime in the transformed spinors. One can check 
that the new coordinates and spinorial momenta, which satisfy canonical 
commutation relations 

{xo, Vo} = 1 , [xr, Vg} = -6rq , (3.5a) 



{<k,V^'} = S'Ji, {nt'Pf} = S^Sl (3.5b) 



are given by the formulae^ 

~ 1 _« ~ 1 



^^'"'Vk ' = -7jrjT^irr)k'n^'x^^n^ , (3.6) 



2/2 ' ' 2\f\ 



^The generating function of this canonical transformation has the form 

In this generating function there are encoded the expressions (|3.3|l . H3.4|l by Va = 

= i^, = ^'t = From = P«'= = = we obtain 

the expressions H3.fi|l . H3.7|l . 
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P"' = P"'=- jTtT^^P^", Pfc" = Pfc^ + |p"%^7r2 . (3.7) 

We see from fl3.6|) that the new covariant spacetime coordinates ( Xq^ Xj'^ are 
described by four covariant projections on the composite four-vectors ()2.11|) 
Using Eq. ()3.7|) we obtain the following useful relations 

7r,feP"'= = n^.V''' -XoVo + XrVr, (3.8a) 

Pk^i = Vtl^l-XoVo + XrVr, (3.8b) 
(r.)iV„fcP'^' = {Tr)l''T:akV''' -X^Vr + XrVo-ierp^XpVq, (3.8c) 
(r,)i'^P,"4 = {Tr)l''PtTli-XoVr + XrV^+ierpqXj,V,. (3.8d) 

In terms of the new variables the expressions ()2.22|) contain an additional 
term depending on xq, x^, Pq, "Pr, namely 

Bq ^ Bq — ixqVq + ixrVr , Br — > B,- — ix^Vr + ix^Po , (3.9a) 



Vq-^Vq, Vr Vr + erpqXpVg , (3.9b) 

where in the r.h.s. of these relations the terms Bq, Br, T>o, Vr are obtained 
from TTM by the replacements P"'' P^" ^ P^. 

Thus, in the new variables (xq, Xr , "Po; Pr , T^'ak ? '^"'^ ' ' "^fc ) three 
Br constraints in p.36c|) take the form 

Br = Br - iXoVr + iXrPo ^ . (3.10) 

The pairs of constraints p.36c|) satisfy the canonical PB, rescaled by Vo (see 
()2.30b|l ). what is a trivial extension of the resolution form. If we introduce 
Dirac brackets consistent with the constraints ()2.3(ic|l one can exclude the 
variables Xr and Vr by setting 

Xr = -:^Br, Vr = 0, (3.11) 

'0 

again without any modification of the PB for the remaining variables 

1 Pq ) ^ai ) Pat ) ^P i) ' 

The only two remaining second class constraints have the form 

T = AfJ-m'^ = 0, (3.12a) 
Bo = Bo-ixoVo = . (3.12b) 
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Subsequently, we introduce the Dirac brackets (DB) as follows 



{l/, y'}D = {y, y'} + {y, Bo} ^,^ , ^,, {T, y'} - {y, T};^^;^— -{i?o, 2/'} 



(3.13) 

where y, y' e Yr = (xq, Vq, vr^fc, Tf/,^^"^); = 1, 2, ... 18. It is easy to 
check that {y,T} ^ only if y G z.e., only those canonical PB 

that include the spinorial momenta are modified. We obtain from ()3.13|1 the 
following explicit Dirac brackets for the phase variables in Yr (we present 
only the no n- vanishing ones): 



{xo,Po}d = 1, (3.14a) 

{xcP^^D = ^ = -^a;ovrf , (3.14b) 

{Po,P*}d = -^^ov^^^ {V..V% = gpovrf , (3.14c) 

lit lit 



{vr^fc, = S^Ji - ^vr^fcTT*' , {vr^fe, vf}D = :^^o.kfr^ > (3-14d) 



{vrt^/}D = 5f5| + ;^7r^vrf , {vr^ P^^d = -;^vr^vr« , (3.14e) 

lit lit 



{Pt V^}d = ^^i^k-pf - Trf K) , (3.14g) 

|pafc^p/3|^ = -I-TT'^^pf - ^TrfP"^ . (3.14h) 

The brackets (j3TC| - (|3l4h|l are consistent with the second class constraints 
(j3.12aj) - ()3.12bj) z.e. for all the variables Yr{R=1...18) we have 

{T,Yr}d = {D,Yr}d = (3.15) 

We observe that the relation ()3.12a|l reduces one spinorial degree of free- 
dom, i.e. we are left with seven unconstrained spinorial coordinates. 
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4 First quantization and solution of the first 
class constraints 



4.1 First class constraints 

After taking into account all the sixteen second class constraints ()2.H(ja|l - 
(|236H|l there remain the following eighteen phase space variables 

Xo.Vo ; 7r„fc, TT^, Vt , (4.1) 

which are constrained by two algebraic relation ()H.12aj) . ()3.12b|l and sat- 
isfy the Dirac brackets ()H.14a|) - ()3.14h|l (the remaining ones are canoni- 
cal). After performing the quantization of the canonical Dirac brackets 
{i/;1/'}d ^iy^y'] (we put h = 1) one obtains the corresponding commuta- 
tion relations, where we should keep the order of the quantized momenta as 
it is written in the formulae (j3.14fj) - (j3.14hj) . i.e. we use the 'gp-ordering'. 

The sixteen independent degrees of freedom described by the variables 
()4.H) are additionally restricted by the four first class constraints ()2.35a|) - 
(lOsHll . These, after the use of some identities following from the second 
class constraints, can be written in the following form 

Vo + m^ ^0, (4.2a) 

VrVr- s{s + l) ^0, (4.2b) 
+ 7713^0, (4.2c) 

Vo + q^O, (4.2d) 

where the numerical values of m, s, rris and q describe mass, spin, spin pro- 
jection and internal Abelian (electric) charge. 

4.2 Covariant solution of the constraints 

In order to write the first class constraints ()4.2a|) - ()4.2d|) as the wave equations 
we take the Schrodinger realization of the quantized variables fl4.1|) on the 
commuting generalized coordinate space {xo,^laj,7f^^^)■ '^^^ corresponding 

generalized momenta iVo,V^^ j) have the following differential realiza- 
tions: 

P„ = -.A. (4.3a) 
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The consistency of our quantization procedure can be obtained a posteriori 
by checking that the reahzations ()4.3a|) - ()4.3c|) satisfy the commutation re- 
lations obtained by the quantization of Dirac brackets ()3.14ap - ()3.14h|) . One 
can also show that the relations ()3.12a|) - ()3.12b|l are satisfied. Subsequently, 
we obtain the following simple differential realizations of the operators P^, l^o 
defining the three first class constraints ()4.2bjl - ()4.2djl : 

Vo = -( Tiak^ - vr^i^ , (4.4a) 

I^. = i(r.)/(...^-.iA), r= 1,2,3 (4.4b) 
The wavefunction has the following coordinate dependence 

^ = ^{Xo,TTak,Tr^)- (4.5) 

Substituting (Oaf) . (fOajl and ()4.4b;i in P?^ - (l4.2dll we obtain four gener- 
alized wave equations. We shall solve them consecutively: 

i) Mass shell constraint \4.2a\ ). 

The general solution of the constraint ()4.2aj) 

i^^^{xo, TTak, vr^) = m^^(a;o, n^k, tt^) , (4.6) 

is the following 

^(Jo,vr„fc,7r^) = e-^™'^° $(vr„fc,7r^) . (4.7) 

Using the expression ()3.(ij) for xq and ()2.(ia|l for and the constraint ()2.17a|l 
we obtain the following formula for the covariantized time coordinate r = 



Therefore, the exponent in the wavefunction ()4.7|) has the standard form of 
a plane wave 

^{xo, vr^fc, vr^) = e""-^" ^n^k, vr^) , (4.9) 



17 



where the four-momentum is composite, i.e. 

P'^ = A^vrf. (4.10) 
a) Normalized spinors and electric charge. 

The eight (real) variables vr^fc, vr^ define two variables /, / as follows 

TT^'^TT,, =2/, ^'^'==2/ (4.11) 

and the remaining six degrees of freedom can be described by the normalized 
spinors 

Ma^=(^y^ Tlai, wL=M=(0 vr^. (4.12) 

Due to the constraint ()3.12a|) the modulus of / is given by the mass parameter 
1/1 = Y and the variable y & 

y^j, (4.13) 

defines the phase of / which will be eliminated by the constraint ()4.2d|) . 
From the definition ()4.12|1 the variables Uai, satisfy the relations 

u'^'^Uak = 2m , Uaku'''' = 2m . (4.14) 

Three out of six degrees of freedom can be expressed via the formula ()1.8a|) 
by the components of the four-momentum vector. One can also add that the 
variables m~^/'^Uai form the SL(2, C) matrix of and play the role of spinorial 
Lorentz harmonics (see e.g. [121112]). 

Let us observe that using the expression ()2.3|) for Paa = T^a^ak we obtain 
that the spinors tTq-^, vf^ satisfy Dirac-type equations with complex mass 2/ 

Paavr"^ = /< , P'^V^, = M ■ (4.15) 

Substituting ()4.12|) we obtain from ()4.15|) the standard Dirac equations with 
real mass m in two-component (Weyl) form 

■ ■ Ttl ■ Ttl 

PaaU'^' = J< , P'-'-U^r = y< , (4.16) 

where m is real because of ()4.14|) . 

Using the variables y, Uai, (we recall that |/| = y) the differential 
operators ()4.4aj) . (j4.4bj) take the form 

Vo = 2y-^, (4.17a) 
18 



The first class constraint (j4.2d|l looks as follows 

d 

i2y— + q)^miy,Uak,ul) = 0, (4.18) 
and has the following solution 

Uak, M^) = y^'^^^miUak, U^) , (4.19) 

where the function $m('Uafc,-u|) depends on the normahzed spinors Uai and 
only. 

in) Spin description. 

Let us find now the solution of the constraints (j4.2b|l . ()4.2c|l for the func- 
tion (^{uakiU^ using the polynomial expansion in spinor variables 

CO _ 

k,n=0 

(4.20) 

The coefficient fields (/'"i-"*^i-^"}';.:X(^m) depend on = = 

cr^^^vr^'^Tff and one can show that VrPfj, = VqP^ = 0. The wavefunctions (j) 
in ()4.2()|1 depending on the four-momentum are symmetric in all indices of 
the same type 

^.....a./^..../3„n...^(^) = (i^) , (4.21) 

and they do satisfy the following traceless condition 

^a,...a,ft..Ag...^^^)^Q_ (4.22) 

Because {Tj)i^{Tr)i^ = 25/ 5f — we obtain 

1 d d 1 _i d d -id d 

T 

2 
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Using the following identities 

-U I. Ux, U ■ U ■ U^^ ^in J^ai...afc/3i.../3„n...ifc N 



k{k + 1) ^.jn ±ai...akl3i...l3„il-ik 

-Un^r, . . . Un„^,,.U^^ . . . U ip 

n{n + 1) 



XTO, (4.24a) 



(4.24b) 



~0"^-"'=^^-^"S:l(^)=O, (4.24c) 

2 



= • • • • • • 0--"'»/^-/^"-;X(/^) , (4.24d) 

we obtain the action of the operator VrT>r on the polynomials in the expan- 
sion p^nii 

= ^^(^^ + ■ • • u^.^.ul ...ul r--^'--'"ttW ■ (4.25) 

Thus, the solution of Eq. (j4.2bjl is 

k,n; k+n=2s 

(4.26) 

where in this expansion only spinorial polynomials of order 2s {k = ki + k2, 
n = rii + are present, 

k + n = 2s. (4.27) 

where ki {i = 1,2) denotes the number of spinors and rit {i = 1,2) the 
number of spinors m". 
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We can also derive the consequences of the relations ()4.16|) between the 
spinors Uak, u^- Inserting these relations in ()4.26|) we find that the compo- 
nent fields (-P/x) in expansion ()4.26|) satisfy the generalized Dirac 
equations 

+ y0/3«...../^-^";i::X(i^) = o , (4.28a) 



as well as the transversality condition 

^,ftr^-"'=^^-^";i::X(^) = o. (4.29) 

In order to describe covariant projection of the spin, given by the eigen- 
value equation ()4.2c|) . we observe that 

(P3 - s^){u^,,, ■ --u^^iji^y ■ ■ - M^^) = , (4.30) 

Pi Pn 

if 

S3 = ki-k2- {ni - ^2) . (4.31) 

5 Examples: s = | and s = 1 

i) Spin s = 1/2. 

In this case the field fl4.26|) is the following^ 

Hu^k, ul) = u^, r + ulct>t = -< ct>t + uUl. (5.1) 

Inserting in ()5.1|) = ■^PaaU°'\ = ^P°"^Uai (see f|4.16|) ) we obtain 

Hu^k, ul) = --P^^u"' (Pt + -P'^'u^i ^\ = --uiP"'' Ki + -^'""wm 0i • 
mm mm 

(5.2) 

From ()5.ip and ()5.2|) we obtain 

Uc.^{^ - -i^"" + 4 (C + -P'"' 0m) = , 

m m 

^In this section all fields (pai, etc. depend on the composite four-momenta (see 
H4.10|l 'l. what we shall not indicate explicitly. 
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or equivalently 



771 771 
Paar + = , P">a^ + ^0° = • (5.3) 



Denoting 



^ - - - -^^1 = Xa , (5.4a) 

2—1 1 il 



Ql = ~Va = , (Pa2 = 4>a = Xa , (5.4b) 

e^^ = +1 in our notation) the equations ()5.3j) are (we remind that in our 

2 pi-^aa 



paper P^a = kPf^^^^a) 



Pf^^aX" + = , P^a'^""</>„ + mx" = , (5.5a) 



^mO" - mxa = , P^a'^'^^Xa - = . (5.5b) 

If we define 

cPf = ^ = W), (5.6) 



0°) , = r = (X") , (5.7) 

one can pass to four-component Dirac spinors {ijj = V'Wo) 



^1 = ^ = ^ ■ J , ^2 = = = J , (5.8) 

and use the Dirac matrices 7^ in Weyl representation 

7m = ( Ja^ ""q^ ) , {7m, 7.} = 2r/^. , (5.9) 

where 

C^7j = -7mC ^C = 7270 = j , (5.10) 

and then, the equations ()5.5a|l . (j5.5bjl take the form 

(P^7'^ + m) V-i = , (P^7'' + m) ^-2 = , (5.11) 

where the field ipi describes free relativistic spin | particles, and ip2 its charge- 
conjugated counterpart. 
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One can note that the two Dirac fields ()5.8|) form a S't/(2)-pseudo- 
Majorana spinor (these spinors are in D = 1 + 3 dimension jl4j ) 

= ( ) , (5.12) 

which satisfies the reahty condition 

^'^C75 = e%, (5.13) 

where 

75 = -«7o7i7273 = ( 0^ ) • (^•^^) 

The presence of 75 in ()5.13|) refiects the 'pseudo' reahty. 
ii) Spin s = 1. 

In this case the field fl4.26|) is 

$(«,fc, ui) = ^ u^iUp, r^'^ + 0"^} + ^ M^M^. 0^^,, . (5.15) 
Inserting in this expression Uai = ^Paaut, u\ = —■^PaaU°'\ we obtain 

^ (5.16) 
Comparing ()5.15|) and ()5.16p we obtain the following equations 

TT) 777 
Paar^'' + -Ct^ap'' = , P">^^^^' + -0°^^^' = , (5.17a) 

- (Paar^'' + P^^<l>ap'') + = . (5.17b) 

The antisymmetric parts of equations ()5.17aj) provide the transversality 
condition for fields 

Papr^'' = 0. (5.18) 
Using P^pP^^ = \m?'5^ we obtain further 

T77 777 
PaaCl>^^'' + = , P^^4>.p'' + = . (5.19) 

The equations ()5.17a|) - ()5.19p are Bargman-Wigner equations written in 
two-spinor notation. One can pass to four-component Dirac spinor notation 
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if one constructs from the fields (pap^ ■, 0"'^*"', and (j)^a^ = tlie 

following Bargman-Wigner fields 

with double Dirac indices a,b = 1,2,3,4. Since 0a/3*-' = 0°^^*-^ = 

^]-^g fields fl5.2()|l are symmetric, ipab-^ = i'ba^- Due to the equations 
()5.17ap - ()5.19|l the fields ()5.2()|1 satisfy the Bargmann-Wigner-Dirac equation 
for massive spin 1 fields 

We obtain Proca fields if we define the fields 

= ■ 0/^^' , = mK,°0^^^- + cr^,^0^-) . (5.21) 

Inserting ()5.21|1 into the equations ()5.17aj) - ()5.19j) we obtain the Proca equa- 
tions 

p^A^^i = , (5.22a) 

P^A,'^ - P,A;^ = F^,'^ , (5.22b) 

P^F^J^ - m^Aj^ = , (5.22c) 

as well as the identity 

P[^.F,x]'' = . (5.23) 

We obtained three complex fields (internal SU (2)-triplet) with spin s = 1. 

On the function ()5.15p we should impose the reality condition $ = $ which 
gives 

^^f^^^ = 0"/^,^. = (0^ , <^"/^;. = (^ . (5.24) 

The relations (I5.22bj) can be written down as the following SU (2)-Majorana 
reality conditions 

€ACl5)ca{Ci,U = e'h^'^kiab (5.25) 
and the fields ()5.2H) satisfy the reality conditions 



{A^'^) = A^ij , (F^,*J) = F^,,j . (5.26) 

The relation ()5.2(ij) defines three real vector fields and the corresponding three 
real field strengths. 
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6 Conclusions 



In the present paper we have described a classical and first-quantized model 
of massive relativistic particles with spin based on a hybrid geometry of phase 
space, with primary spacetime coordinates and composite four-momenta 

expressed in terms of fundamental spinorial variables. These spinorial 
coordinates describe half of the two-twistor spinorial degrees of freedom. 
One can say that the employed geometric framework is half way between 
the purely twistorial and the standard spacetime approaches. We would like 
to point out that a model for massive particles with spin in an enlarged 
spacetime derived from two-twistor geometry, with primary both spacetime 
coordinates and four-momenta P^, has been recently described in It 
should be added that the two-twistor degrees of freedom were studied recently 
by one of the authors and applied to the spacetime description of massive 
spinning particles ^Hj-fZ!- The difference with our approach here consists 
in the choice of the primary geometric variables which in JSj- J7j contains, 
besides two-twistor degrees of freedom, a primary internal SU{2) spinor, 
called the index spinor ^H] • In the present paper all the degrees of freedom 
describing massive particles with spin and internal charge are derived entirely 
from the two-twistor geometry. 

One of the features of the description of spin in the twistor framework 
as well as in our model is the use of an orthogonal reference frame in four- 

(r) 

momentum space, with three basic four- vectors orthogonal to the fourth 
four- vector (see ()2.15|l ). In such a way the relativistic spin in any frame 
is described by the SU (2) algebra of Lorentz-invariant spin projection oper- 
ators. Consequently, we describe the state with definite values of spin square 
and invariant spin projection S3 by a Lorentz-covariant wave function. 
In order to quantize the classical system we have introduced a complete 
set of commuting observables, which determine the generalized coordinates of 
the wavefunction. In our case the set of commuting generalized coordinates 
does not contain all the spacetime coordinates, because in our geometric 
framework they do not commute (see ()1.17|) ). As a result, only the Lorentz- 
invariant projection xq = x^P'^ can be included into the quantum-mechanical 
commuting coordinates. In such a way we are allowed to use plane waves 
gta;^^'' ag describing the spacetime dependence of the wavefunction. We con- 
clude, therefore, that although in our framework the spacetime coordinates 
of spinning massive particles are non- commutative, we are able to obtain the 
standard plane wave solutions. 
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A Appendix: Time evolution of the con- 
straints 



The equations describing the time evolution of all the constraints are 







■.(£)) /T-j \ \(-B)r_i_ \(C!)/^ 
€j.pqy\p yJ-^q SgJ "T ^rpq'^p ^q ' ^rpq^p ^q 


— A'' 
2^ 








-e A^^) — 

'^rpq^p ^q ^ r ^ ^ 




(A. la) 


I?o = 


{n,Do} = 






(A. lb) 




{n,Br} = 


e,p,Af - Sg) + trpgXf^Bq - iXf\m^ - 


Co) + A 








-erpqXfhg-tm^XP = 0, 




(A.lc) 




{n,B^} = 


iXf^Cr - iAf V - Co) + 2iA(^)(^' + T) : 










-im^xf^ + 2im^X^'^^ = , 




(A.ld) 


Cy — 


{H,Cr} = 


erp^Af + iAf )(m2 - Co) - iX^Cr ^ im 


.^Af ) = 


0, 










(A.le) 






-iXi^^Cr + iXPim'' - Co) ^ im'^Xi^^ = , 




(A.lf) 


Rj. — 


{H, Rr} = 


iA(^)+A(^W + i5.3A(^3)^0, 




(A.lg) 


Rq — 


{H, Ro} — 






(A.lh) 


t = 


-{n,T} = 


-2iAf V + ^) ~ -2im'Af ^ = , 




(A.li) 


S-- 


-{n,s} = 


-A(«)s, = 0, 




(A.lj) 


Ss = 


■■{n,Ss} = 






(A.Ik) 




--{n,Q} = 


4aJ"^ = o . 




(A.ll) 
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One obtains from ()A.la|) - ()A.ll|) the relations which imply the preservation 
of the constraints in time: 



Af = Af ) = Af ) = Af ) 











(A.2a) 
(A.2b) 




(A.3a) 
(A.3b) 
(A.3c) 
(A.3d) 



From ()A.3cj) - ()A.3dj) one obtains 



A(^) = 2e.3.A(^3) 



(A.4) 



in consistency with the relation ()A.2b|) . 
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